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A space X is called biradial if for every filter base 5 converging to a point x E X there exists 
a chain converging to x and meshing with 5. We show that if X is a regular biradial space, then 
for every x E X there exists a chain 7 in X consisting of open sets and converging to x. A corollary: 
If a topological group G is biradial, then there exists a chain 5 consisting of open sets which is 
a base for the space G at a point Ed G. This implies by a result of Heath that every biradial 
topological group is monotonically normal. 
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All topological spaces under consideration are assumed to be regular and Ti . By 
a prejilter in a set X we mean a family of nonempty subsets of X satisfying the 
following condition: For any A E 5 and B E 5 there exists C E 5 such that C c An B. 
We say that a prefilter 5 on a topological space X converges to a point x E X if 
every neighbourhood of the point x contains some element of the family 5; in this 
case we write: 5 +x. If 5 is a prefilter in a space X and x E n {p: P E [}, then we 
say that 5 accumulates to x or that x is a cluster point of 5; in this case we write: 
x E 151. 
Prefilters 6 and 71 are said to be synchronous (or meshing; see [lo]) if for every 
sets A E &’ and every B E 77 their intersection An B is nonempty. A chain in X is 
any prefilter 5 in X such that for every A E 5 and B E 5 either A c B or B c A. 
A chain .$ consisting of open subsets of a space X is called a nest in X. 
According to Michael [lo], a space X is called bisequential if for every prefilter 
5 in X and every cluster point x of 5 there exists a countable prefilter 77 in X, 
converging to x and synchronous with 5. 
Similarly we say that a space X is birudial if for every prefilter .$ in X accumulating 
to a point x E X, one can find a chain in X converging to x and synchronous with 
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6. This concept was introduced by me at a seminar in Moscow University; on my 
advice KoEinac considered it, publishing his results in [9]. Obviously every bisequen- 
tial space is biradial. On the other hand, among biradial spaces we find all linearly 
ordered spaces. This shows that the class of biradial spaces is much larger than the 
class of bisequential spaces. Other interesting subclasses of the class of biradial 
spaces are mentioned in [9]. 
Michael characterized bisequential spaces as the images of metrizable spaces 
under &quotient mappings [lo]. Recall that a mapping f of a space X into a space 
Y is said to be biquotient if it is continuous, onto, and whenever a prefilter n in Y 
accumulates to a point y E Y, the prefilter {f-‘(P): PE n} accumulates to some 
point x EfPl(y). 
KoEinac found a similar characterization of biradial spaces [9]: A space is biradial 
if and only if it can be represented as an image of a linearly ordered space under 
a biquotient mapping. Note that images of linearly ordered spaces under quotient 
(under pseudo-open) mappings were described as pseudoradial spaces (respectively, 
as radial spaces) by Herrlich (see [8,2]). 
In this paper we establish new properties of biradial spaces, the key result here 
being the following result (Theorem 2): every biradial space is n-nested. These 
results are applied to a study of biradial topological groups. It is established in 
particular that every biradial topological group is nested (Theorem 7). Combining 
this assertion with a recent result of Heath [7], we arrive at the conclusion that each 
biradial topological group is monotonically normal (Corollary 8). Our unexplained 
terminology and notations are the same as in [5]. 
Let us say that a space X is birudial at a point x E X if for every prefilter 5 in X 
accumulating to x there exists a chain in X converging to x and synchronous with 
5. A space X is said to be v-nested at a point x E X if there exists a nest in X 
converging to x. 
Proposition 1. If a space X is biradial at a point x E X, then it is rr-nested at x. 
Proof. Let 4 be the family of all open sets W in X such that x E Int( w). Clearly 5 
is a prefilter accumulating to x. By our assumption there exists a chain 17 in X 
converging to x and synchronous with 5. As the space X is regular, it is possible 
to assume that all members of the family n are closed in X. 
Let P E 7 and U = Int I? We are going to show that x E I? 
Assume the contrary. Then the set 0, (x) = X\ fl is a neighbourhood of the point 
x in X and O,(x) c X\P. Hence the open set V = X\P belongs to 5. Now P E 77 
and P n V= Pn (X\P) = 0 which implies that n and 5 are not synchronous; in 
contradiction with the assumption. Thus x E I? and Int P # 0 for all P E 7. 
As n is a chain converging to x, the family n* = {Int P: P E 7) is also a chain 
converging to x, i.e., n* is a nest we are looking for. We have proved that X is 
n-nested at x. 0 
A. V Arhangel’skii / Biradial topological spaces and groups 175 
From Proposition 1 we obtain: 
Theorem 2. Every biradial space is rr-nested at every point. 
Lemma 3. If a chain 5 converges to a point x E X, then every subfamily t_~ of the family 
[such that np=s is a chain converging to x. 
Proof. Take any neighbourhood 0, of the point x. There exists P E 5 such that 
PC 0,. One can find K E p such that K c P; otherwise we would have PC A for 
all A E t_~, i.e., P c n t.~ = 8, contradicting P # 8. We have now: K c P c 0, which 
implies that p +x. 0 
If for every point x E X there exists a countable nest converging to x, then X is 
called an Efmov space. A space X is called nested (see [2, 111) if for every point 
x E X there exists a nest in X which is a base for X at x. 
From Lemma 3 we obtain: 
Proposition 4. If X is a space of countable pseudocharacter and X is r-nested at all 
points, then X is an Ejimov space. 
Proposition 5. If a space X of countable pseudocharacter is nested, then it is first 
countable. 
Let us apply our results to the theory of topological groups. 
Proposition 6. If a topological group G is rr-nested at some point a E G, then the space 
G is nested. 
Proof. By homogeneity of the space G we can assume that a is the neutral element 
e of the group G. Fix a nest 5 in G converging to e. Then n = { U 0 U -‘: U E 5) is 
a nest which is a base for G at the point e. As G is homogeneous it follows that G 
is nested. 0 
From Theorem 2 and Proposition 6 we obtain: 
Theorem 7. Every biradial topological group is nested. 
Observe that each nested space is obviously biradial. 
It was shown by Heath [7] that if a topological group G is nested, then the space 
G is monotonically normal. This result and Theorem 7 taken together imply: 
Corollary 8. Every biradial topological group is monotonically normal. 
Each monotonically normal space is hereditarily collectionwise normal (see [6]). 
Thus we have: 
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Corollary 9. Every biradial topological group is hereditarily collectionwise normal. 
Let us say that a space X is homogeneous with respect to character, or x- 
homogeneous, if x(x, X) = x(y, X) for all x, y E X. 
In what follows, r is an infinite cardinal number. 
Lemma 10. Let X be a nested space and let x(x, X) = r for all x E X. Then for any 
family y of open sets in X such that (yl < T the set n y is open. 
Proof. Put A = n y and take any x E A. Let us fix a nest 5 of cardinality r which 
is a base for X at x. For every U E y we choose VU E 5 such that VU c U. The 
cardinality of the family n = { V,: U E y} is less than r; it follows that n is not a 
base for X at x. As 5 is a base for X at x one can find WE ,_$ such that no element 
of n is contained in W. On the other hand n c 5 and 5 is a chain. Hence W is 
contained in every element of the family n, i.e., x E W c n 7 = A. It follows that 
the set A is open. 0 
The following assertion is obviously true. 
Lemma 11. If the character of every point x E X in X is equal to r and, for every family 
y of open sets in X such that 1 yI < T, the intersection n y is open, then the space X is 
nested. 
Call X a P,-space if for every family y of open sets in X such that 1 yI < T, the 
set n y is open. Taking into account that each topological group is homogeneous 
with respect to character we obtain the following result from Theorem 7 and 
Lemma 10: 
Corollary 12. Every biradial topological group is a P,-space where r = x( e, G) is the 
character of e E G in the space G. 
If a topological group G is first countable, then it is metrizable (see [l]). Now, 
Corollary 12 implies: 
Corollary 13. Let G be a biradial topological group. Then either all G8-subsets are 
open in G, or the space G is metrizable. 
In particular we have: 
Corollary 14. Every bisequential topological group is metrizable. 
Every pseudocompact subspace of a nonmetrizable biradial topological group is 
finite. Applying Proposition 5 and Theorem 7 we get: 
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Corollary 15. A topological group G is metrizable if and only if it is biradial and the 
pseudocharacter of G is countable. 
In connection with Corollary 8 it is natural to ask: When is a biradial topological 
group stratifiable? The pseudocharacter of every stratifiable (and even of every 
semi-stratifiable) space is countable (see [6]). Thus we have: 
Corollary 16. A biradial topological group is semi-stratijable if and only if it is 
metrizable. 
Let us consider now when the free topological group F(X) of a Tychonoff space 
X is biradial. It is known [l] that if F(X) is a Frechet-Urysohn space, then the 
space X is discrete. It follows that F(X) is bisequential only if X is discrete. 
Combining this observation with Corollary 13 we obtain: 
Corollary 17. Jf the free topological group F(X) of a Tychonoff space X is biradial, 
then all G6-subsets are open in the space F(X). 
In particular if X is a k-space and the-free topological group F(X) is biradial, then 
the space X is discrete. 
A space X is called submetrizable if there exists a one-to-one continuous mapping 
of this space onto a metrizable space. 
Theorem 18. Zf X is a Tychonoff submetrizable space and the free topological group 
F(X) is biradial, then the spaces X and F(X) are discrete. 
Proof. As X is submetrizable, the space F(X) is also submetrizable [3,4]. It follows 
that the pseudocharacter of the space F(X) is countable. Corollary 14 now implies 
that F(X) is metrizable. And it was observed before that this can happen only when 
X is discrete. 0 
Corollary 8 provides us with one more necessary condition for biradiality of a 
free topological group. 
Corollary 19. Zf the free topological group F(X) of a Tychonoffspace X is biradial, 
then X is monotonically normal and hence X is hereditarily collectionwise normal. 
Our next lemma gives us an opportunity slightly to strengthen Theorem 7. 
Lemma 20. Zf a subspace Y of a space X is dense in X and Y is n-nested at a point 
y E Y, then the space X is also v-nested at y. 
Lemma 20 follows from regularity of X. It is clear that the following assertion 
holds: 
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Theorem 7’. If in a topological group G there exists a dense biradial subspace, then 
the space G is nested, and hence it is biradial, monotonically normal and hereditarily 
collectionwise normal. 
Corollary 21. Zf G is a topological group and there exists a linearly orderable subspace 
of G which is dense in G, then the space G is nested. 
Example 22. Let Y be a space of cardinality K, with only one nonisolated point a, 
neighbourhoods of which are defined as the sets V = Y such that a E V and Y\ V 
is countable. The space Y is Lindeliif and all G,-subsets of Y are open in Y. It 
follows that the free topological group F(Y) is a Lindeliif PM,-space. Indeed, Y” 
is Lindeliif for all n = 1,2, . . . , which implies that the space F(Y) is Lindeliif (see 
[3,4]). If F(Y) were not a P,,-space, then the family of all G,-subsets of F(Y) 
would have been a base for a stronger group topology on F(Y) which would 
generate the given topology on Y. This contradicts the definition of the free topologi- 
cal group F( Y). 
Let us observe now that one can find a family 9 of cardinality K, of continuous 
mappings of the space Y onto finite spaces such that for every finite subset K c Y 
there exists f E 9, the restriction of which to K is one-to-one. 
It follows that there exists a family 93 of cardinality K, of open sets in the space 
F( Y) such that for every two distinct points z, , z2 E F( Y) one can find V, E 92 and 
V, E 53 such that z, E V, , z2 E V, and V, n V, = 0. As the space F( Y) is Lindelof, for 
every point z E F( Y) and every closed subset A of F( Y) such that z @ A, there exists 
a countable subfamily y c 93 satisfying the following conditions: z E n y c F( Y)\A. 
Let us fix a point z E F( Y). The family CB3, ={U E 93: z E U} can be represented 
in the form B3, = { U,: a < co,}, where W, is the first uncountable ordinal. The space 
F( Y) being a PM,-space, for every (Y < w, the set W, = n { U, : p < o} is open. It is 
clear now that the family y = { W,: a < CO,} is a nest in Y of cardinality K, which 
is a base for the space F( Y) at the point z. Thus the space F( Y) is nested and biradial. 
Example 22 can be transformed into a general assertion. 
Let us say that a family y of subsets of a space X separates the points of X in 
the sense of Urysohn (or Hausdorff) if for every two distinct points x, and xz of 
the space X there exist A,, A2~ y such that x, E A,, x2 E A2 and A, n A, = 0 (or 
A,nAz=O). 
Proposition 23. If X is a normal space and there exists in X a family y of open sets 
in X separating the points of X in the sense of Urysohn and such that 1 y( 6 r, then 
one can also find such a family in F(X). 
Proof. There exists a family _& of continuous mappings of the space X into the 
space R of real numbers such that \JGl] s r and for every finite subset K c X the 
restriction of some f E .& to K is one-to-one. 
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For each f~ JII let f be the continuous homomorphism of the free topological 
groups F(X) and F(R) extending f: Clearly the diagonal product A_& of the 
mappings in & is an injective continuous mapping of the space F(X) into the 
product space (F(R)).“. Put g = A.4 and Y = (F(R)).“. As (Ju[ s r and in the space 
F(R) there exists a countable network, the network-weight of the space Y does not 
exceed 7. It follows that there exists a family p of open sets in Y separating the 
points of Y in the sense of Urysohn and such that I~_L[ =S 7. As g is continuous and 
onto we can also find such a family of open sets in F(X). 
Proposition 24. Let X be a Lindelof P,,-space and let y be a family of open sets in X 
such that IyI 4 K, and n y = n { 0: U E y} = {x}, where x is a point of X. Then there 
exists in X a nest of cardinality SK, which is a base for X at the point x. Hence, 
x(x, X) s K,. 
Proof. We can represent the family y in the indexed form: y = { U,,: a < w,}. Put 
V, = n {U,: p ==I a} for each CY < w,. As X is a P,,-space, the family 5 = { VW: a < w,} 
is a nest. Clearly, {x} = n 5 = n { v,: (Y < w,}. The space X being Lindelof, the 
family .$ is a base for X at x. 0 
Propositions 23 and 24 imply: 
Theorem 25. Let X be a nondiscrete Lindelof P,,-space with a family of cardinality 
SK, of open sets separating the points of X in the sense of Hausdorfl Then the free 
topological group F(X) of the space X is a nested space, the character of which at 
every point is equal to K, . 
Corollary 26. If X is a Lindeliif PNI-space the weight of which does not exceed K, , 
then the free topological group of the space X is nested. 
From the result of Heath, which we mentioned after Theorem 7, and from Theorem 
25 we obtain: 
Corollary 27. If X is a Lindeliif P,,-space which can be mapped by a one-to-one 
continuous mapping onto a space Y such that the weight of Y is not greater than K, , 
then the space X is nested, the character of X at every point x E X does not exceed 
K, , and X is monotonically normal and hereditarily collectionwise normal. 
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